We prove that an irreducible representation of the Virasoro algebra can be extracted from an irreducible representation space of the SL(2,~) current algebra by putting a constraint on the latter using the Becchi-Rouet-Stora-Tyutin formalism. Thus there is a SL(2, ~1) symmetry in the Virasoro algebra, but it is gauged and hidden. This construction of the Virasoro algebra is the quantum analogue of the Hamiltonian reduction. We then are naturally lead to consider a constrained SL(2, Yl) Wess-Zumino-Witten model. This system is also related to quantum field theory of coadjoint orbit of the Virasoro group. Based on this result, we present a canonical derivation of the SL(2, ~) current algebra in Polyakov's theory of two-dimensional gravity; it is a manifestation of the SL(2, ~) symmetry in conformal field theory hidden by the quantum Hamiltonian reduction. We also discuss the quantum Hamiltonian reduction of the SL(n, ~) current algebra and its relation to the W,-algebra of Zamolodchikov. This makes it possible to define a natural generalization of the geometric action for the W,-algebra despite its non-Lie-algebraic nature.
Introduction
Among various favourable properties of string theory as a candidate for the unified theory of everything, the uniqueness of target spacetime dimensions is one of the most appealing. It is therefore crucial to know whether string theory is possible off the critical dimensions. This question is also relevant in understanding the large-No limit of QCD in four dimensions, and many attempts have been made to solve string theory below criticality. Kazakov and Migdal [1] have studied various statistical models on triangulated random surfaces, and computed scaling dimensions. Last year Polyakov examined the two-dimensional gravity induced * On leave of absence from Department of Physics, University of Tokyo, Tokyo 113, Japan by conformal field theory, and found that there is an SL(2, ~) current algebra [-2] .
This result opened the way to solve the off-critical string theory. Later Knizhnik, Polyakov and Zamolodchikov exploited this observation to evaluate scaling dimensions of planar random surfaces [3] . Their result shows complete agreement with previous computations by Kazakov and Migdal. This seems to suggest the validity of Polyakov's observation. Still, the way the SL(2, ~) current algebra emerges is like a bolt oust of the blue. He computed correlation functions of metrics using the Ward identity of the energy-momentum tensor, and showed that they contain the SL(2, ~R) current algebra. One of the motivations of this paper is to obtain a canonical derivation of this current algebra and to understand the structure of the off-critical string theory.
It has been suspected by several people that there should be hidden relations between the Virasoro algebra and the SL(2, ~) current algebra, and in general, between the W,-algebra and the SL(n, ~) current algebra. loop algebra. This space is endowed with a natural Poisson bracket, and we may regard it as a classical phase space. This phase space has a certain symmetry, and one may consider the reduced phase space with respect to this symmetry. The Poisson bracket for the reduced phase space turns out to be the classical version of the W,-algebra. This procedure is called the Hamiltonian reduction.
In this paper, we develop the quantum analogue of the Hamiltonian reduction. We replace the Poisson bracket by a commutation relation of operators, and the classical phase space by an irreducible representation of the algebra. An attempt in this direction was initiated by Belavin [7] . The irreducible representation spaces of the Virasoro algebra are extracted from those of the SL(2, ~) current algebra by imposing a certain constraint on the latter. Consider an irreducible representation space of the current algebra. In classical mechanics, we put a constraint J-(z) = 1 to reduce the phase space of the loop algebra. Quantum mechanically, we introduce a set of ghosts and define the Becchi Rouet-Stora Tyutin (BRST) operator associated with this constraint. It is then proved that a quotient Ker (QBRsx)/Im (QBRsT) is isomorphic to an irreducible representation space of the Virasoro algebra. The idea of our proof is the following. Both the Virasoro algebra I-8] and the SL(2, ~) current algebra [10] have realizations in terms of free bosons.
Although such realizations are highly reducible, there are BRST-like operators whose cohomologies are isomorphic to irreducible representations of these algebras [ 12, 13] . The point is that the B RST-like operators for these algebras are equivalent modulo trivial operators with respect to the BRST operator QBRSX for the constraint J (z)= 1.
We are then naturally lead to consider the SL(2) Wess-Zumino Witten (WZW)
